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Abstract
For a general Carnot group G with homogeneous dimension Q we prove the existence of a
fundamental solution of the Q-Laplacian uQ and a constant aQ40 such that expðaQuQÞ is
a homogeneous norm on G: This implies a representation formula for smooth functions on G
which is used to prove the sharp Carnot group version of the celebrated Moser–Trudinger
inequality.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let G be a Carnot group i.e. a simply connected stratiﬁed Lie group with
homogeneous dimension Q: It has been known since the work of Varopoulos [22,23]
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and Saloff-Coste , that the following version of the Sobolev inequality holds on G
Z
G
j f ðxÞjq dx
 1=q
pCp;q
Z
G
jr0 f ðxÞjp dx
 1=p
; ð1:1Þ
provided that 1ppoQ and 1
p
 1
q
¼ 1
Q
; where jr0 f j stands for the norm of the
horizontal gradient of a function fACN0 ðGÞ: By completion of CN0 ðGÞ under
the Sobolev norm jj f jjp þ jjr0 f jjp the above inequality holds for functions in the
horizontal Sobolev space HW
1;p
0 ðGÞ: We refer to Section 2 for a more detailed
account on this terminology and background results of analysis on Carnot groups.
In the case p ¼ Q Sobolev inequality (1.1) turns into the Trudinger inequality
stated as follows. There exist constants AQ40 and c040 such that for any domain
OCG; jOjoN and fAHW 1;Q0 ðOÞ the following inequality holds:
1
jOj
Z
O
exp AQ
j f jQ0 ðxÞ
jjr0 f jjQ0Q
 !
dxpc0; ð1:2Þ
where Q0 ¼ Q=ðQ  1Þ is the dual exponent of Q:
This statement has been ﬁrst established by Trudinger [21] in the Euclidean space
Rn: In the setting of Carnot groups (1.2) was proven by Saloff-Coste in [19].
It is by now known that appropriate versions of the Sobolev inequality (1.1) and
Trudinger’s inequality (1.2) hold even in general metric spaces. We refer to [11] for
a comprehensive recent account on this subject.
However, to ﬁnd the values of the best constants Cp;q in (1.1) and AQ and c0 in
(1.2) is a much more delicate matter. For Sobolev inequalities (1.1) the value of the
best constant in Rn was found by Talenti in [20]. Moser [16] proved Trudinger’s
inequality (1.2) in Rn with sharp exponent An ¼ non1n1; where on1 is the n  1
dimensional measure of the unit sphere in Rn:
In the setting of Carnot groups not much is known about sharp constants. The
only results that have so far been proven are in the case of the Heisenberg group
Hn—the simplest non-trivial Carnot group. For Sobolev inequality (1.1) in the case
p ¼ 2 the value of
C
2;
2nþ2
n
¼ ð4pÞ1n2ðGðn þ 1ÞÞ
1
nþ1
has been determined by Jerison and Lee [14]. The value of the best constant in (1.1)
in the remaining cases pa2 is still open even for the Heisenberg group.
Concerning Moser–Trudinger inequality (1.2) we note the recent paper of Cohn
and Lu [6] who found the value of the sharp exponent AQ in the Heisenberg group
Hn to be
AQ ¼ Qð2pnGð1=2ÞGððQ  1Þ=2ÞGðQ=2Þ1GðnÞ1ÞQ
01:
Here Q ¼ 2n þ 2 and as before Q0 ¼ Q=ðQ  1Þ:
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As main result of this paper we establish Moser–Trudinger inequality (1.2) with a
sharp constant AQ for general Carnot groups. The best exponent AQ is given in terms
of an integral on a ‘‘unit sphere’’ of the horizontal gradient of a certain
homogeneous norm. In the case of H-type groups in the sense of Kaplan [15] the
constant AQ has been explicitly computed by two different methods by Cohn and Lu
[7], and by two of us in [3] by using a special system of polar coordinates. Inspired by
the original proof of Cohn and Lu [6], our approach is based on the method of
Adams [1]. The method uses an estimate of the one-dimensional non-increasing
rearrangement of the convolution of two functions due to O’Neil [17]. This reasoning
avoids the difﬁcult problem of studying the behavior under symmetrization of the Lp
norm of the horizontal gradient. Our starting point is to prove a representation
formula for CN0 functions in terms of their horizontal gradient and fundamental
solution of the Q-Laplace equation which has independent interest. The proof is
based on recent results from [2] about the existence of singular solutions of the
Q-Laplace equation with some additional nice properties.
The paper is organized as follows: in Section 2 we recall terminology and some
background results. In Section 3 we prove the existence of a fundamental solution of
the Q-Laplacian whose exponential deﬁnes a homogeneous norm. In Section 4 we
give the proof of the Moser–Trudinger inequality with best constant AQ:
2. Background results
Let us start by introducing some notation and terminology related to analysis on
Carnot groups.
A Carnot group is a connected, simply connected, nilpotent Lie group G of
dimension at least two with graded Lie algebra g ¼ V1"?"Vr so that ½V1; Vi
 ¼
Viþ1 for i ¼ 1; 2;y; r  1 and ½V1; Vr
 ¼ 0: The integer rX1 is called the step of G:
We denote the neutral element of G by 0 and we identify elements of g with left-
invariant vector ﬁelds on G in the usual manner.
We ﬁx throughout this paper an inner product / ;S0 in V1 with associated
orthonormal basis X1;y; Xk: Relative to this basis, we construct the horizontal
tangent subbundle HTG of the tangent bundle TG with ﬁbers HTxG ¼
spanfX1ðxÞ;y; XkðxÞg; xAG: A left-invariant vector ﬁeld X on G is said to be
horizontal if it is a section of the horizontal tangent bundle.
As a simply connected nilpotent group, G is diffeomorphic with g ¼ Rm;
m ¼Pri¼1 dim Vi; via the exponential map exp : g-G: We identify an element
gAG with ðx1;y; xk; tkþ1;y; tmÞARm by the formula
g ¼ exp
Xk
i¼1
xiXi þ
Xm
i¼kþ1
tiTi
 !
; ð2:1Þ
where Tkþ1;y; Tm denotes a set of non-horizontal vectors extending X1;y; Xk to a
basis for all of g:
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The Haar measure on G is induced by the exponential mapping from the Lebesgue
measure on g ¼ Rm: Throughout this paper, statements involving measure theory are
always understood to be with respect to Haar measure.
The horizontal divergence of a vector ﬁeld
Z ¼
Xk
i¼1
jiXi þ
Xm
i¼kþ1
ciTi
is given by
div0 Z ¼
Xk
i¼1
XiðjiÞ: ð2:2Þ
Note that the (Euclidean) divergence of a horizontal vector ﬁeld agrees with its
horizontal divergence; this can be seen by calculating the divergence relative to the
basis X1;y; Xk; Tkþ1;y; Tm for g: We refer to the appendix in [3] for the details of
this calculation.
Let U be a domain in G: For fAL1locðUÞ we say that the horizontal gradient of
f exists in the sense of distributions if there exists a horizontal vector ﬁeld v ¼P
i viXi; viAL
1
locðUÞ; so thatZ
U
/v; ZS0 dx ¼ 
Z
U
f div0 Z dx
for all smooth compactly supported horizontal vector ﬁelds Z: We write r0 f :¼ v for
the horizontal gradient of f : When fAC1ðUÞ; r0 f is the unique horizontal vector
ﬁeld in U deﬁned by the equation
/r0 f ; XS0 ¼ Xðf Þ
for all horizontal vector ﬁelds X : For pX1; we say that u : U-R is in the horizontal
Sobolev space HW 1;pðUÞ if uALpðUÞ and r0u exists in the sense of distributions and
jr0ujALpðUÞ: We denote by j  j the norm deﬁned by the inner product / ;S0 in the
horizontal space.
For t40 we deﬁne dt : g-g by setting dtðXÞ ¼ tiX if XAVi and extending by
linearity. Via conjugation with the exponential map, dt induces an automorphism of
G onto itself which we also denote by dt: The Jacobian determinant of dt (relative to
Haar measure) is everywhere equal to tQ; where
Q ¼
Xr
i¼1
i dim Vi
is the so-called homogeneous dimension of G:
By a homogeneous norm on G we mean any continuous and positive function f on
G\f0g which satisﬁes the conditions f ðdtðgÞÞ ¼ tf ðgÞ for all t40 and f ðg1Þ ¼ f ðgÞ:
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Any homogeneous norm f can be extended continuously to all of G by setting
f ð0Þ ¼ 0:
Let us assume that G is a Carnot group of homogeneous dimension QX3: (This
restriction rules out only the cases G ¼ R and G ¼ R2; in which case our results are
classical.) Let U be a domain in G and let 1opoN: A function fAHW 1;pðUÞ is said
to be a (weak) solution to the subelliptic p-Laplace equation in U if
Z
U
jr0 f jp2/r0 f ;r0fS0 dx ¼ 0 ð2:3Þ
for all test functions fACN0 ðUÞ: In case jr0 f jp2jr0jAC1ðUÞ standard methods
show that (2.3) is equivalent with the partial differential equation
W0;pf :¼ divðjr0 f jp2r0 f Þ ¼
Xk
i¼1
Xiðjr0 f jp2Xif Þ ¼ 0 ð2:4Þ
which is the Euler–Lagrange equation for the variational integral
f/
1
p
Z
U
jr0 f jp dx: ð2:5Þ
(Note that we have used the inner product structure on V1 in (2.4) to identify the
horizontal cotangent space HTn0 G ¼ ðHT0GÞn ¼ Vn1 with the horizontal tangent
space HT0G ¼ V1:)
We call f p-harmonic if it satisﬁes (2.3) in U ; the operator W0;p is called the
subelliptic p-Laplace operator. Section 4 of [12] and [5] contain the basic results on
potential theory of Carnot groups.
In the linear case p ¼ 2 we write W0 ¼W0;2 ¼
Pk
i¼1 XiXi: This is Kohn’s sub-
Laplacian operator on G; which represents a subelliptic Carnot analog of the classical
Laplacian; the harmonic analysis associated with W0 has been a subject of
considerable investigation, see, e.g., [4,8–10,15,18]. Note in particular that by a result
of Folland [8, Theorem 2.1] in any Carnot group G there exists a unique
fundamental solution u2 to the equation for the 2- Laplace operator which is
smooth away from 0 and homogeneous of degree 2 Q: u23dt ¼ t2Qu2:
In the non-linear case pa2 there are existence results but there is no theory to give
us smoothness of solutions of the p-Laplacian except for the particular cases of
Heisenberg or H-type groups [3,5,12]. In this paper we are primarily interested in the
conformal case p ¼ Q: We know from Proposition 4.16 in [12] that there exists a
weak solution uQ of the Q-Laplace equation (the so-called singular solution) that is
continuous on G\f0g; has a prescribed singularity limx-0uQðxÞ ¼N at 0AG and
asymptotic behavior limx-NuQðxÞ ¼ N atN: According to a recent result in [2]
this singular solution has the additional property that its exponential is a
homogeneous norm. To be more precise let us recall the exact statement from [2] as
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Theorem 2.6. Let G be a Carnot group with homogeneous dimension Q and let uQ be a
singular solution for the subelliptic Q-Laplacian with pole at 0AG: There exists a
constant aQ40 such that the function NðxÞ ¼ expðaQuQðxÞÞ is a homogeneous norm
on G (i.e. it satisfies Nðx1Þ ¼ NðxÞ and NðdtxÞ ¼ tNðxÞ).
Let us denote by S ¼ fN ¼ 1g the ‘‘unit sphere’’ with respect to the homogeneous
norm N from Theorem 2.6. We shall need the following version of the integration in
polar coordinates from [10].
Proposition 2.7. There exists a Radon measure ds on S such that for any fAL1ðGÞ we
have Z
G
f ðxÞ dx ¼
Z N
0
Z
S
f ðdsuÞsQ1 dsðuÞ ds: ð2:8Þ
The following lemma will be important in the next section:
Lemma 2.9.
jr0NjjSAL
QðS; dsÞ:
Proof. Let us ﬁrst observe thatr0N is a homogeneous function of degree zero. Since
it is deﬁned a.e. in G; it must be deﬁned ds-a.e. in S by (2.8). From Theorem 2.6 we
have uQðxÞ ¼ 1aQ log 1NðxÞ: One can easily check that composition of a smooth function
with a horizontal Sobolev function is again a horizontal Sobolev function and the
chain rule holds almost everywhere. This gives
jr0uQðxÞj ¼ 1
aQ
jr0NðxÞj
NðxÞ for a:e: xAG: ð2:10Þ
By assumption uQAHW
1;Q
loc ðG\f0gÞ and thereforeZ
Bð0;2Þ\Bð0;1Þ
jr0uQjQðxÞ dxoN; ð2:11Þ
where Bð0; rÞ ¼ fNorg:
Applying Proposition 2.7 we see from (2.10) and (2.11) that
Z 2
1
Z
S
jr0NðdsuÞjQ
NQðdsuÞ s
Q1 dsðuÞ dsoN: ð2:12Þ
On the other hand jr0NðdsuÞj ¼ jr0NðuÞj for s40 and a.e. uAS: Using these
relations (2.12) takes the form:Z 2
1
Z
S
jr0NðuÞjQ dsðuÞ 1
s
ds ¼ log 2
Z
S
jr0NðuÞjQ dsðuÞoN;
proving the lemma. &
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Remark 2.13. In the Moser–Trudinger inequality the following constant
cQ :¼
Z
S
jr0NðuÞjQ dsðuÞ ð2:14Þ
will play a crucial role.
3. Fundamental solution for the Q-Laplacian
In this section we prove the existence of the fundamental solution of the
Q-Laplacian with some additional properties that are crucial in the proof of the
Moser–Trudinger inequality. The main result of this section is the following
theorem.
Theorem 3.1. Let G be a Carnot group with homogeneous dimension Q and let uQ be
the singular solution of the Q-Laplacian from Theorem 2.6. Then up to a constant
multiple uQ is a fundamental solution of the Q-Laplacian, i.e. for some bQAR
divðjr0uQjQ2r0uQÞ ¼ bQ  d ð3:2Þ
in the sense of distributions.
Proof. We shall use Theorem 2.6 so we consider NðxÞ ¼ expðaQuQðxÞÞ which is a
homogeneous norm. Then (3.2) is equivalent to
div
jr0NjQ2
NQ1
 r0N
 !
¼ dQ  d; for some dQAR
In fact we shall show that
div
jr0NjQ2
NQ1
 r0N
 !
¼ cQ  d; ð3:3Þ
where cQ is given in (2.14).
We have to show that for any fACN0 ðGÞ:
f ð0Þ ¼ c1Q
Z
G
/r0 f ðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx: ð3:4Þ
We know that for hACN0 ðG\f0gÞ:Z
G
/r0hðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx ¼ 0; ð3:5Þ
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moreover, by a standard density argument (3.5) is true for all functions
hAHW 1;Q0 ðG\f0gÞ:
For 0oro1=2 consider the following auxiliary function:
jrðxÞ ¼
1; NðxÞpr;
1
log 2 log
2r
NðxÞ; roNðxÞo2r;
0 NðxÞ42r:
8><
>:
Deﬁne fr ¼ f  jr: The fact that f  frAHW 1;Q0 ðG\f0gÞ follows from the lattice
property of HW
1;Q
0 as done, for example, in Chapter 1 of [13]. Next, apply (3.5)
to h ¼ f  fr and obtainZ
G
/r0 f ðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx
¼
Z
Bð0;2rÞ\Bð0;rÞ
/r0 frðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx: ð3:6Þ
Let us write the right-hand side of the above equality as aðrÞ þ bðrÞ; where
aðrÞ ¼
Z
Bð0;2rÞ\Bð0;rÞ
jrðxÞ/r0 f ðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx
and
bðrÞ ¼
Z
Bð0;2rÞ\Bð0;rÞ
f ðxÞ/r0jrðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx:
We show now that aðrÞ-0 and bðrÞ- cQ  f ð0Þ as r-0: To check the ﬁrst claim
we use integration in polar coordinates:
jaðrÞjp jjr0 f jjN
Z
Bð0;2rÞ\Bð0;rÞ
jr0NðxÞjQ1
NQ1ðxÞ dx
¼ jjr0 f jjN
Z 2r
r
Z
S
jr0NðuÞjQ1 dsðuÞ ds
¼ jjr0 f jjN
Z
S
jr0NðuÞjQ1 dsðuÞ
 
r-0 as r-0; ð3:7Þ
where we used that Z
S
jr0NðuÞjQ1 dsðuÞoN;
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which follows by Lemma 2.9. For the second claim we notice that
r0jrðxÞ ¼
 1
log 2
r0NðxÞ
NðxÞ ; xABð0; 2rÞ\Bð0; rÞ;
0; xAG\ðBð0; 2rÞ\Bð0; rÞÞ
8><
>:
and so
Z
Bð0;2rÞ\Bð0;rÞ
/r0jrðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx
¼  1
log 2
Z
Bð0;2rÞ\Bð0;rÞ
jr0NðxÞjQ
NQðxÞ dx
¼  1
log 2
Z 2r
r
Z
S
jr0NðuÞjQ dsðuÞ 1
s
ds ¼ cQ:
Using this calculation we can write
bðrÞ ¼  cQ f ð0Þ þ
Z
Bð0;2rÞ\Bð0;rÞ
ðf ðxÞ  f ð0ÞÞ/r0jrðxÞ;r0NðxÞS0
jr0NðxÞjQ2
NðxÞQ1 dx
¼  cQ f ð0Þ þ oðrÞ;
where
joðrÞjp sup
xABð0;2rÞ\Bð0;rÞ
j f ðxÞ  f ð0Þj  cQ-0; as r-0: &
The crucial ingredient in the proof of the Moser–Trudinger inequality is the
following representation formula.
Theorem 3.8. Let G be a Carnot group of homogeneous dimension Q. There exists a
homogeneous norm N with log NAHW 1;Qloc ðG\f0gÞ such that for any fACN0 ðGÞ the
following formula holds:
f ðvÞ ¼ c1Q
Z
G
/r0 f ðvu1Þ;r0NðuÞS0
jr0NðuÞjQ2
NðuÞQ1 du: ð3:9Þ
Proof. For v ¼ 0 formula (3.9) is just formula (3.4) from the proof of Theorem 3.1.
For a general vAG (3.9) is obtained by group translation. &
Remark 3.10. Formula (3.9) was recently obtained by Cohn and Lu in the case of the
Heisenberg group [6] by a different method using a direct calculation with the
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explicit formula of N: It is remarkable that (3.9) holds in general Carnot groups and
its proof uses just the properties (and not the explicit formula) of the homogeneous
norm N:
4. Moser–Trudinger inequality with sharp constant
We use the notation jSj for the Haar measure of a measurable set SCG:
Theorem 4.1. Let G be a Carnot group with homogeneous dimension Q. Denote by
AQ :¼ Q  cQ
01
Q ; where Q
0 ¼ Q=ðQ  1Þ and cQ is given in (2.14). There exists a
constant c0 such that for any domain OCG; jOjoN and fAHW 1;Q0 ðOÞ the following
inequality holds:
1
jOj
Z
O
exp AQ
j f jQ0 ðuÞ
jjr0 f jjQ0Q
 !
dupc0: ð4:2Þ
If AQ is replaced by any greater number the statement is false.
Proof. The proof uses ideas from [6,1] and representation formula (3.9).
It is enough to prove Theorem 4.1 for fACN0 ðOÞ: The representation formula (3.9)
implies
j f ðvÞjpc1Q jr0 f j*gðvÞ; ð4:3Þ
where
gðuÞ ¼ jr0NðuÞj
Q1
NðuÞQ1 ;
and h*g stands for the convolution of two functions on G given by
h*gðvÞ ¼
Z
G
hðvu1ÞgðuÞ du:
Let us introduce some notation. For a non-negative function F deﬁned on G we
consider its non-increasing rearrangement
FnðtÞ ¼ inffs40 : aF ðsÞptg;
where
aF ðsÞ ¼ jfuAG : FðuÞ4sgj:
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Then for any measurable function r : ½0;NÞ-½0;NÞ
Z
G
rðFðuÞÞ du ¼
Z N
0
rðFnðsÞÞ ds:
We also consider the average of the rearrangement
FnnðtÞ ¼ 1
t
Z t
0
FnðsÞ ds:
To estimate the rearrangement of the convolution we shall apply O’Neil’s lemma
[17] which is valid in Carnot groups (even in more general settings)
ðh*gÞnðtÞpðh*gÞnnðtÞpthnnðtÞgnnðtÞ þ
Z N
t
hnðsÞgnðsÞ ds: ð4:4Þ
In our case
hðuÞ ¼ jr0 f ðuÞj and gðuÞ ¼ jr0NðuÞj
Q1
NðuÞQ1 :
To calculate gnðtÞ denote by un the d-projection of uAG onto S deﬁned by the
condition u ¼ dNðuÞðunÞ:
With this notation it is easy to see that
agðsÞ ¼ jfuAG : gðuÞ4sgj ¼ jfuAG : NðuÞps
1
Q1jr0NðunÞjgj:
By integration in polar coordinates
agðsÞ ¼
Z
S
Z s 1Q1jr0NðunÞj
0
rQ1 dr dsðunÞ ¼ s
 Q
Q1
Q
cQ:
This implies that
gnðtÞ ¼ Q
cQ
 1
Q
1
t
1
Q
1
and gnnðtÞ ¼ QgnðtÞ:
Inequality (4.4) becomes
ðjr0 f j*gÞnðtÞp
Q
cQ
  1
Q0
Q  t
1
Q0
Z t
0
jr0 f jnðsÞ ds þ
Z N
t
jr0 f jnðsÞs
1
Q0 ds
 
: ð4:5Þ
We shall estimate the right side of (4.5) by using the following lemma from [1].
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Lemma 4.6. Let aðs; tÞ be a non-negative measurable function on ðN;NÞ  ½0;NÞ
such that
aðs; tÞp1 whenever 0osot and
sup
t40
Z 0
N
þ
Z N
t
aðs; tÞQ0 ds
 1=Q0
¼ boN:
Then there exists a constant c0 ¼ c0ðQ; bÞ such that for FX0 with
RN
N F
QðsÞ dsp1
it follows that
Z N
0
expðHðtÞÞ dtpc0;
where
HðtÞ ¼ t 
Z N
N
aðs; tÞFðsÞ ds
 Q0
:
To apply Lemma 4.6 assume that
R
O jr0 f jQðuÞ dup1: Setting FðsÞ ¼
ðjOjesÞ1=Qjr0 f jnðjOjesÞ we obtain
Z N
0
FQðsÞ ds ¼
Z jOj
0
ðjr0f jnðsÞÞQ ds ¼
Z
O
jr0f jQðuÞ dup1:
The auxiliary function aðs; tÞ is deﬁned to be
aðs; tÞ ¼
0 if Noso0;
1 if sot;
Qe
ts
Q0 if tpsoN;
8><
>:
which gives
supt40
Z 0
N
þ
Z N
t
aðs; tÞQ0 ds
 1=Q0
¼ Q:
By a direct computation we obtain
Z N
N
aðs; tÞFðsÞ ds ¼ Qet=Q0 jOj1=Q0
Z jOjet
0
jr0 f jnðsÞ ds þ
Z jOj
jOjet
jr0 f jnðsÞs1=Q0 ds:
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According to the conclusion of Lemma 4.6Z N
0
eHðtÞ dt ¼
Z N
0
exp t þ Qet=Q0 jOj1=Q0
Z jOjet
0
jr0 f jnðsÞ ds
 0@
þ
Z jOj
jOjet
jr0 f jnðsÞs1=Q0 ds
!Q01A dt
p c0: ð4:7Þ
To prove the estimate in the ﬁrst statement of Theorem 4.1 we start with (4.3) and
(4.5) Z
O
expðAQj f jQ
0 ðvÞÞ dvp
Z
O
expðAQcQ
0
Q ðjr0 f j*gðvÞÞQ
0 Þ dv
¼
Z jOj
0
expðAQcQ
0
Q ððjr0 f j*gÞnðsÞÞQ
0 Þ ds
p
Z jOj
0
exp AQðQcQ
01
Q Þ1 Qt1=Q
0
Z t
0
jr0 f jnðsÞ ds
 
þ
Z N
t
jr0 f jnðsÞs1=Q0 ds
Q0!
dt:
Since AQ ¼ QcQ
01
Q we obtain
1
jOj
Z
O
expðAQj f jQ
0 ðvÞÞ dv
p 1jOj
Z jOj
0
exp Qt1=Q
0
Z t
0
jr0 f jnðsÞ ds þ
Z N
t
jr0 f jnðsÞ s1=Q0 ds
 Q0
dt: ð4:8Þ
We now make in (4.7) the change of variables t-jOjet and notice that the middle
part of (4.7) coincides with right side of (4.8). This concludes the proof of the ﬁrst
statement of the theorem.
To prove the second statement let O ¼ B ¼ fuAG : NðuÞo1g:
Let us assume that for some b40:
1
jBj
Z
B
exp b
j f jQ0 ðuÞ
jjr0 f jjQ0Q
 !
dupc0; ð4:9Þ
for all fAHW 1;Q0 ðBÞ: For 0oro1 denote by Br ¼ fuAG : NðuÞorg and consider the
function
frðuÞ ¼ ðlogð1=rÞÞ
1 log N1ðuÞ; on B\Br;
1; on Br:
(
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It follows that
jr0 frjðuÞ ¼
ðlogð1=rÞÞ1jr0NðuÞj
NðuÞ ; on B\Br;
0; on Br:
8><
>:
Integrating in polar coordinates yields
ðjjr0 frjjQÞQ
0 ¼
Z
rpNðuÞp1
ðlogð1=rÞÞ1jr0NðuÞj
NðuÞ
 Q
du
 !Q01
¼ðlogð1=rÞÞ1
Z
S
Z 1
r
jr0NðdsuÞjQ
NðdsuÞQ
sQ1 ds dsðuÞ
 !Q01
:
We use again the homogeneity of N: NðdsuÞ ¼ s which implies jr0NðdsuÞj ¼
jr0NðuÞj: We obtain
ðjjr0 frjjQÞQ
0 ¼ ðlogð1=rÞÞ1 ðcQÞQ
01:
Using (4.9) and the fact that fr  1 on Br we have
jBrj
jBj exp
b
c
Q01
Q
logð1=rÞ
 !
pc0:
Since jBrj=jBj ¼ rQ ¼ expðQ logð1=rÞÞ we conclude that
exp
b QcQ01Q
c
Q01
Q
logð1=rÞ
 !
pc0 for any 0oro1:
This implies that bpQcQ01Q ¼ AQ: &
Remark. If we have more information on the homogeneous norm N the constant cQ
from (2.14) and AQ ¼ QcQ
01
Q can be explicitly calculated. This is possible for the case
of H-type groups by using the horizontal polar coordinates from [3]. The resulting
explicit formula (see Corollary 5.5 in [3]) is
AðG; QÞ ¼ Q 2p
ðkþlÞ=2GðQl
2
Þ
4lGðk
2
ÞGðQ
2
Þ
 !Q01
;
where k ¼ dim V1 is the dimension of the horizontal space of G; l ¼ dim V2 is the
dimension of the center of G and Q ¼ k þ 2l: As indicated in the introduction this
formula has also been found by Cohn and Lu [7] by a different method.
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